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Routledge (Quart. J. Math. 3 (1952) 12-18) proved that if C is a nonempty set 
of finite diameter 6 in the (real or complex) Hilbert space I,, then there is a unique 
sphere’ of minimum radius containing C, and this radius does not exceed S/G. 
This result is generalized to all (real or complex) Hilbert spaces by providing a 
unified, simple, geometric, coordinate-free proof which is entirely different from that 
in his article. Moreover, it is shown that the centre of the unique sphere is 
necessarily contained in C if C is closed and convex. 
The following result was proved by Routledge in [ 11: 
THEOREM 1. If C is a nonempty set, offinite diameter 6, in the (real or 
complex) Hilbert space I,, then there is a unique sphere of minimum radius 
containing C, and this radius does not exceed S/G. 
In this paper, we generalize the above result to all (real or complex) 
Hilbert spaces. We provide a unified, simple, geometric and coordinate-free 
proof which is entirely different than the proof in [ 11. Furthermore, it is 
shown that the centre of the unique sphere is necessarily contained in C if C 
is closed and convex. 
THEOREM 2. If C is a nonempty set, of finite diameter 6, in a (real or 
complex) Hilbert space H, then there is a unique sphere of minimum radius 
containing C, and this radius does not exceed S/G. Moreover, the centre of 
this unique sphere is necessarily contained in C tf C is closed and convex. 
Pro@ Let C= Co(C), the closed convex hull of C, then 
diam(C) = diam(C) and any sphere containing C must also contain c (and 
vice versa). For each z E H, define 
r(z) = sup{]]z - y]l: y E C}. 
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It is sufftcient to prove that there exists a c E f? such that (i) 
r(c) = inf{r(z): z E C}, (ii) r(c) < S/\/s, (iii) r(c) < r(x) for all x E H, and 
(iv) if r(x) = ( ) f r c or some x E H, then x = c. 
(i) For each n = 1, 2,..., let c”, = {z E c”: r(z) < r + (l/n)}, where 
r = inf{r(z): z E C}; then C, is nonempty closed convex and c, 1 c’,, , for 
all n = 1, 2,..., so that (Jp= i c’,, # 0 since c’ is weakly compact. Take any 
c E (-)z= i c”,, then r(c) = r = inf{r(z): z E c’}. 
(ii) By translation, we may assume, for simplicity, that c = 0. For 
each E E (0, min(r, 4/r}), we shall show that 
inf{Re(x,y):x,yEC, llxll>r-E and /IylI>r-c}<O,.... (*) 
Supposenot,lett=inf{Re(x,y):x,yEC,Ilxl~~r-&andIIyll~r-&}>O. 
Choose any x,, E C such that I/xOI/ > r - c/2. Define 
& 
a=zx0 if t> 1, 
Et 
Z-.-X 
2r O 
if O<t<l. 
then a E c’ and )I a /I < c/2. 
Let y E C 
Case 1. If /I yll < r - E, then 
Case 2. If I/ yll > r-e, then 
Ila -YII* = (a --Y, a -Y> 
= (a, a> - (4 y> - (A a> + (v, Y) 
if t>l, 
= 
if O<t<l 
< 
I 
& * ( 1 ,3- - f + r*, if t> 1, Et 2 
( 1 1 
- A$ + r2, if O<t<l, 
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I 
E 4 
r2-T 7-E ) 
( ) 
if t> 1, 
= Et2 4 g-- 
i 1 
---E ) 
4 r 
if O<t<l, 
Let 
I 
max r - f , \/r2 - (&/4)((4/r) - E), if t>l, 
P= 
max r - +, \/r* - (Et2/4)((4/r) - E), if O<t<l, 
thenp<randIla-y(l~pforallyEe,sothatr~r(a)~p<r,whichisa 
contradiction. This shows that for each E E (0, min{r, 4/r)), there exist 
x,yE~suchthatllxl~>/r-~,IIyll~r-~,andRe(x,y)~~/2,sothat 
diam(c)2 > /Ix -yII’ 
= (4 x> - (X,Y> - (Y9 x> + (Y>Y> 
> (r-c)’ - 2 Re(x,y) + (r-c)’ 
2 2(r - E)’ - E; 
by letting E -+ O+, 2r2 < diam(C)2, so that r < diam(c)/fi. 
(iii) We only need to show that r(c) < r(x) for all x E H and x @ c’. 
Suppose x E H and x 65 c. Let d = dist(x, c), then d > 0. Let 
B = {z E H: 1(x -zll < d}, then B is open convex (and nonempty) and 
B n c” = 4. By Hahn-Banach theorem, there is a real-valued continuous 
linear functional f on H and a real number a such thatf(z) < a for all z E B 
and f(z) > a for all z E 2;. Since c is weakly compact, there exists a u E c 
such that IIx - ~11 = d. It follows thatf(u) = a and IIx - u/l = dist(x,f-‘(0)). 
Hence x - ulf-‘(0). It can then be shown that I/x - z II> 11~ - zI/ for all 
z E C?, so that r(x) > r(u) > r(c). 
(iv) Suppose there exists an x E H such that r(x) = r(c). Then for each 
z E c’, 
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so that by (iii), 
and hence x = c. This completes the proof. 
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